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Maxwell-Stefan (MS) diffusion coefficients in multicomponent liquids have been determined by 
the equilibrium molecular dynamics calculation of the appropriate Green-Kubo equation. 
Simulations were performed for systems of 300 LJ particles at various compositions. The unary 
system was divided into three components by attaching a colour label to the particles, which 
plays no role in the dynamics. The binary system argon + krypton was divided into three species 
by attaching a colour label to the particles of argon. The ternary system consisted of argon, 
krypton and neon. The results of the calculation of the MS diffusion coefficients in the unary 
and binary systems agreed well with the literature values. The MS diffusion coefficients of the 
unary system did not differ significantly from the self-diffusion coefficient. The MS diffusion 
coefficients of the ternary system behaved as expected from other physical properties. 

Keywords: Molecular dynamics; Green-Kubo method; Maxwell-Stefan diffusion coefficients; 
LJ liquid mixtures 

1. INTRODUCTION 

Multicomponent diffusion in liquid systems plays an important role in 
chemical engineering and knowledge of diffusion coefficients is required, for 
example, for the design of process equipment. However, it is very time 

*Corresponding author. 
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44 I. M. J. J. V A N  D E  VEN-LUCASSEN et al. 

consuming and difficult to measure diffusion coefficients in multicomponent 
systems [ 1,2]. Simulation techniques like molecular dynamics provide an 
attractive alternative to determine the diffusion coefficients. 

For the calculation of the diffusion coefficients in a binary or ternary 
mixture of Lennard-Jones particles equilibrium molecular dynamics meth- 
ods have been developed, in which the correlation function of fluctuating 
quantities is determined [3 - 61. The integrals of the correlation functions are 
related to the diffusion coefficients through the Green-Kubo formalism. In 
Ref. [6] we have shown that this so-called Green-Kubo method is preferred 
above a non-equilibrium method, in which the system is driven away from 
equilibrium and the system response is monitored. The Green-Kubo method 
was tested by performing simulations in coloured Lennard-Jones mixtures: 
the particles in the binary and ternary system had identical LJ potential 
parameters and differed only by a colour label, which plays no role in the 
dynamics [ 6 ] .  The purpose of the work presented here is to use the Green- 
Kubo method by performing simulations in binary and ternary Lennard- 
Jones mixtures, in which the particles have different LJ potential parameters 
and different masses. 

An outline of the paper is as follows. In Section 2, the main features of the 
theory for describing diffusion in liquids are given. The details of the simu- 
lations are described in Section 3. Section 3.1 presents the MD simula- 
tions of the diffusion coefficients in a unary system; Section 3.2 describes 
the simulations in a binary LJ system, followed by the simulations in a ter- 
nary LJ system in Section 3.3. Results are compared with the literature. 

2. THEORY 

Molecular diffusion in multicomponent systems can be described by the 
Maxwell-Stefan approach. When temperature T and pressure p are con- 
stant, and when there are no external forces acting on the system, the molar 
fluxes Ni, Nj of components i, j due to the gradient in the chemical potential 
pi of component i are given by 

in which R is the gas constant, xi the mole fraction of component i and C, 
the total molar concentration. D,  is the Maxwell-Stefan diffusion coeffi- 
cient between components i and j .  Because Do = Dji, there are n(n - 1)/2 
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MAXWELL-STEFAN DIFFUSION COEFFICIENTS 45 

independent Maxwell-Stefan diffusion coefficients. An extensive description 
of the Maxwell-Stefan approach is given in [7]. 

Maxwell-Stefan diffusion coefficients can be calculated using an equilib- 
rium molecular dynamics (EMD) method based on the Green-Kubo for- 
malism. This Green-Kubo method uses the time correlation functions of 
fluctuating quantities in an equilibrium system; these time correlation func- 
tions are linked to the response to weak perturbations in the equilibrium 
system by linear response theory [8 - 101. The Maxwell-Stefan diffusion 
coefficients D12 of a binary system is then given by 

in which t is the simulation time, Mi is the molar mass of component i, nl  

the number of particles of component 1, and v f  the velocity of particle i 
of component 1. 

Calculation of the self-diffusion coefficient Di of component i can be per- 
formed simultaneously, using 

The derivation of Eqs. (2) and (3) has been given in [6]. 

Calculating Ternary DifSusion Coeficients 
Diffusion in a ternary system can be described by the independent 

Maxwell-Stefan diffusion coefficients D12, D31 and 023. For the calculation 
of these ternary diffusion coefficients the following equation has been de- 
rived [6] 

in which M = Mixi + Mjxj + Mkxk and Intijk has been defined by 

00 

Intijk = 1 ((Ui(0) - Uj(0)) Uk(t))dt 

with ui is the velocity of component i .  
Since Intiik(i # j # k # i) = 0, Eq. (4) simplifies to 

( 5 )  
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46 I. M. J. J. V A N  DE VEN-LUCASSEN et al. 

3. SIMULATIONS 

To investigate the Green-Kubo method, simulations of a Lennard-Jones 
fluid were performed. We used the truncated and shifted potential 

U""(r) is the Lennard-Jones potential: 

in which r is the particle -particle distance, E the Lennard-Jones energy pa- 
rameter and a the Lennard-Jones size parameter. The cross interaction pa- 
rameters were obtained from the Lorentz-Berthelot rules €12 = ( E ~  1~22)1/2 and 
c ~ 1 2  = (011 + a22)/2. Using reduced units the reduced pair potential ULJ*  = 
U L J / &  is a dimensionless function of the reduced distance r * = r/a. Other 
reduced quantities are the reduced time t* = (t/a)(E/m)'12, the reduced density 
p* = pc~ 3, the reduced pressure p* =pa 3 / ~ ,  and the reduced tempera- 
ture T* = Tks/&, in which m is the mass of the atoms in the system, and ke 
is Boltzmann's constant. In all simulations we will use reduced quantities and 
we, therefore, omit the superscripts*. 

Systems of 300 particles were used in the simulations. Periodic boundary 
conditions were applied with a cutoff radius of the potential R,,, = 2.5 and 
a timestep At = 0.001. Starting with lattice configurations and random 
velocities, the total momenta of the systems were set to zero and the sys- 
tems were equilibrated for 25,000 timesteps at the desired temperature and 
density. During equilibration the temperature of the systems was scaled to 
the desired temperature after each timestep. The resulting velocities and co- 
ordinates were used as a staring point for further simulations. 

3.1. Simulations in a Unary Lennard-Jones System 

Simulations were performed on a system of 300 identical Lennard-Jones 
particles at T = 0.728 and p = 0.8442 in the NVE-ensemble. The system was 
divided into three species or components by attaching a colour label to a 
mole fraction xi of the particles. So, the three species differ only by the 
colour label, which plays no role in the dynamics. MD simulations of 
multiples of 25,000 timesteps (At = 0.001) were performed and every 10 
timesteps a new time origin was taken for the calculation of the multiple 
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particle autocorrelation function C v (0) . C v {  ( t )  of Eq. (2), resulting in 
2,350 time origins per run of 25,000 time steps. The MS diffusion coefficients 
were calculated, using Eq. (6)  for several numbers of time origins and for 
various integration times (maximal 1,500 timesteps). The accuracy of the 
MS diffusion coefficients in this unary system, as well as in the following 
binary and ternary systems, was estimated from the standard deviation of 
the averages of at least 5 consecutive simulations of 250,000 timesteps. 

The MS diffusion coefficients became constant for integration times > 
1.0 (1000 timesteps). This was independent of the simulation time, as il- 
lustrated in Figure l .  For all mole fractions the accuracy of the calculation 
was not improved significantly, if the simulation time was extended longer 
than 1250 (Fig. 2). The consistency of the calculations was also tested 
using the integrals Intiik of Eq. ( 5 )  [6]. Figure 3 shows that the AIntUk = 

((ui (0) - ~ ~ ( 0 ) )  0 uk(t)) (i # j  # k # i) were oscillating around zero, as ex- 
pected. The amplitude of the oscillations decreased with increasing number 
of time origins (simulation time) and became constant for simulation time 
longer than 1250, as illustrated in Figure 4. 
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0.12 

0.1 

0.08 
u) 
B n 

0.06 

0.04 

simulation 
time 
2475 

2000 

1500 

1000 

500 
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FIGURE 1 Maxwell-Stefan diffusion coefficients as a function of the integration time t for 
various simulation times (300 LJ particles, T = 0.728, p = 0.884, X I  = 0.5, x 2  = 0.25, x 3  = 

0.25). For clarity, we have shifted the diffusion coefficients with +0.02 subsequently: -, 
0 1 2 ;  -, 0 3 1 ;  -, 0 2 3 .  
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FIGURE 2 Maxwell-Stefan diffusion coefficients as a function of the simulation time t for 
various numbers of particles (300LJ particles, T = 0.728, p = 0.884, integration time = 1.0). 
For clarity, we have shifted the diffusion coefficients with + 0.02 subsequently: -, 0 1 2 ;  -, D31; 

-9 023. 

t 

FIGURE 3 AInt,, = ((u, (0) - u, (0)) 0 ~ ( t ) )  as a function of the integration time t (300 LJ par- 
ticles, T = 0.728, p = 0.884, x, = 0.5, x2 = 0.25, xj = 0.25, simulation time = 1250): (1) AIII~,,~; 
(2) AInt,,,; (3) AInt,,,; (4) (5) AInt321; and (6) AInt312. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
0
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



MAXWELL-STEFAN DIFFUSION COEFFICIENTS 49 

1.25 1 simulation 
time 
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n 

1250 

-0.25 J 
t 

FIGURE 4 AIntUk = ((~~(0) - uj(0)) uk(t))  as a function of the integration time t for various 
simulation times (300LJ particles, T = 0.728, p = 0.884, XI = 0.5, x2 = 0.25, x3 = 0.25). For 
clarity, we have shifted the AMUk with +0.5 subsequently): -, AIntzsl; -, AInt3,,; and -, 
A1nt3,2. 

The results of the simulations with a simulation time of 1250 and an 
integration time of 1.0 are listed in Table I. The differences between the 
values of the MS diffusion coefficients at various mole fractions are a mea- 
sure for the accuracy of Eq. (6) and of the calculations. The results of the 
simulations of the 300 particles system agree very well with the simulations 
of the 250 particles system given by [6], as expected. 

Naghizadeh and Rice [l 11 derived a corresponding state relationship for 
the self-diffusion coefficients of liquid argon, krypton, and xenon: 

(9) 
1 
T 

log D = 0.05 + 0 . 0 7 ~  - - (1.04 + 0. lp), 

in which p is the reduced pressure, T is the reduced temperature and D is the 
reduced self-diffusion coefficient. The LJ energy parameter E = 1.71 . J 
and the LJ size parameter = 3.418. 10-l0m of argon used by Nagazideh 
and Rice [l 11 differed from the parameters used in our study (Tab. 11). The 
reduced temperature T = 0.728 and the reduced pressure p = 0.98 of our 
simulations were therefore recalculated into T = 0.702 and p = 0.95 for use 
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TABLE I Ternary diffusion coefficients as a function of the mole fraction coloured compo- 
nent for a unary LJ fluid of 300 particles: T = 0.728, p = 0.884, simulation time = 1250, integra- 
tion time = 1.0 

XI x2 x3 0 1 2  0 3  I D23 

0.067 
0.250 
0.250 
0.333 
0.467 
0.467 
0.490 
0.500 
0.833 
0.933 
0.980 

0.467 
0.250 
0.500 
0.333 
0.067 
0.467 
0.490 
0.250 
0.083 
0.033 
0.010 

0.467 
0.500 
0.250 
0.333 
0.467 
0.067 
0.020 
0.250 
0.083 
0.033 
0.010 

0.034 f 0.003 
0.032 f 0.002 
0.031 fO.001 
0.032 f 0.001 

0.0308 f 0.0007 
0.031 f 0.001 
0.034 f 0.001 
0.031 f 0.001 
0.035 f 0.001 
0.033 f 0.002 
0.031 f 0.001 

0.032 f 0.001 
0.034 f 0.001 

0.0348 f 0.0007 
0.034 f 0.001 
0.033 f 0.002 
0.033 f 0.004 
0.036 f 0.007 
0.034 f 0.001 
0.036 & 0.002 
0.033 f 0.001 
0.035 3= 0.002 

0.033 2~0.002 
0.033 f0 .002  
0.034f0.001 
0.034 f 0.001 
0.031 f 0.003 

0.0325 f 0.0009 
0.032 f 0.002 
0.033 f 0.002 
0.033 fO.OO1 
0.032 f 0.002 
0.034 f 0.001 

TABLE I1 Lennard-Jones parameters and molecular mass 

Substance 
Ar Kr Ne 

E J] 
u [ I O - ' ~ ~ ]  
rn [10-26kg] 

1.65 
3.41 
6.64 

2.30 
3.64 

13.92 

0.19 
2.75 
3.36 

in Eq. (9). The self-diffusion coefficient calculated using Eq. (9) D = 0.032 
agrees very well with the results of our simulations. 

3.2. Simulations in a Binary Lennard-Jones System 

Simulations were performed for binary systems of 300 LJ particles at 
T = 0.8 and p = 0.7901 in the W E  ensemble. All reduced units are con- 
structed using the parameters of argon atoms. The first component argon 
with a mole fraction (xl + x2) was divided into two species by attaching a 
colour label to a mole fraction x1 of the particles. The mole fraction of the 
second component was x3. For this second component we used the Lennard- 
Jones parameters describing krypton. The potential parameters used are 
given in Table 11. MD simulations of multiples of 25,000 timesteps 
(At = 0.001) were performed and every 10 timesteps a new time origin 
was taken. The MS diffusion coefficients were calculated, using Eq. (6)  for 
several numbers of time origins and for various integration times (maximal 
1,500 timesteps). 

The MS diffusion coefficients became constant for integration times 
> 1.0, independent of the simulation time and the mole fractions. The 
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amplitude of the oscillations of AInt,(i # j # k # z') decreased with an 
increasing number of time origins and became constant for a simulation 
time > 1750, if the number of the particles of one component was very low. 
For higher numbers of the particles a simulation time > 1250 was sufficient. 

The results of the simulations with an integration time of 1 .O are listed in 
Table 111. The values of the MS diffusion coefficients D3]  and D23 were iden- 
tical within the simulation error for each system, as expected, since the par- 
ticles with a mole fraction XI and x2 differed only by colour. Moreover, the 
MS diffusion coefficients were independent of the mole fraction coloured 
component for all calculations with x3 = 0.5. The values of the MS diffusion 
coefficients increased with an increasing mole fraction of argon (xl -t- x2). 

For comparison with the literature values the calculated MS diffusion 
coefficients had to be converted to Fick diffusion coefficients. For a ternary 
system the Fick diffusivities and the MS diffusivities are related by [7 ,12]  

Pfl = [Bl-"r], (10) 

in which [Dfl is the 2 x 2 matrix of the Fick diffusivities and [I?] is the 2 x 2 
matrix of the thermodynamic factors. The elements of the 2 x 2 matrix [B] 
are equal to 

and 

TABLE I11 Ternary diffusion coefficients as a function of the mole fraction for a binary LJ 
fluid Ar(1,2)+Kr(3) of 300 particles: T = 0.8, p = 0.7901, integration time = 1.0 

Simulation 
time t XI x 2  x 3  0 1 2  0 3  I 0 2 3  

2475 
2475 
2475 
2475 
1250 
1250 
1250 
1250 
1250 
1250 

0.10 0.40 0.50 
0.25 0.25 0.50 
0.33 0.17 0.50 
0.49 0.01 0.50 
0.33 0.33 0.33 
0.10 0.40 0.50 
0.25 0.25 0.50 
0.33 0.17 0.50 
0.49 0.01 0.50 
0.17 0.17 0.67 

0.035 f 0.001 
0.037 f0.002 
0.038 f 0.002 
0.038 f 0.001 
0.042 f 0.003 
0.034 f 0.004 
0.035 f 0.003 
0.036 f 0.002 
0.039 f 0.002 
0.031 f 0.002 

0.0185 f 0.0003 
0.0194f 0.0008 
0.0202 f 0.0008 
0.0212 f 0,0007 
0.025 f0.001 

0.0187 f0.0005 
0.0183 f 0.0008 
0.0195 f0.0009 
0.020 f 0.001 

0.0156 f 0.0008 

0.021 1 f 0.0007 
0.022 fO.OO1 
0.022 f 0.001 
0.018 f0.003 
0.030 fO.OO1 
0.020 f 0.001 
0.020 f 0.001 

0.0194f0.0008 
0.024 f 0.007 
0.017 f O . O O 1  
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in which D, are the MS diffusivities. In an ideal mixture the matrix of the 
thermodynamic factors [I?] is equal to [Z], the identity matrix. For the col- 
oured binary mixture with composition x1 = x2 = 0.25 and x3 = 0.5 the val- 
ues of the MS diffusivities were calculated to be D12 = 0.037 and D31 = 

0 2 3  = 0.020. The Fick diffusivities Dll  = 0 2 2  can then be calculated from 
Eq. (lo), assuming an ideal mixture: D{l = D& = 0.023, or in real units 
DTl = DC2 = 1.26. lom9 m2 . s-' at 99 K. Schoen and Hoheisel [3] com- 
puted the following binary diffusion coefficients: D $  = 2.78 . m2 . s-l 
at 116K, and 0.1; = 2.05. lop9 m2 .  s-l at 109K for equimolar mixtures 
with comparable potential parameters and masses. Assuming an exponential 
relation D = A . exp(- BIT ) between the diffusion coefficient D and the 
temperature T[11], the values of Schoen and Hoheisel [3] would result in 
DTz = 1.23 . 10-9mZ . s-l at 99 K. This value is in very good agreement with 
our simulations. Lee [13] performed MD simulations for an equimolar 
mixture of argon and krypton at 608K, 266K, and 117K. Exponential 
extrapolation of his results to 99 K would lead to a value of D fz between 
5 .  10-"m2. s-l and 2 .  m2 s-'; this extrapolation is very inaccurate 
but covering our simulations. 

3.3. Simulations in a Ternary Lennard-Jones System 

Simulations were performed for ternary systems of 300 particles at T = 0.8 
and p = 0.7901 in the W E  ensemble. All reduced units are constructed 
using the parameters of argon atoms. Each system was a liquid mixture of 
argon, krypton, and neon. The LJ potential parameters used are given in 
Table 11. MD simulations of multiples of 25,000 timesteps (At = 0.001) were 
performed and every 10 timesteps a new time origin was taken. The MS dif- 
fusion coefficients were calculated using Eq. (6) for various simulation times 
(maximal 2,500,000 timesteps) and for various integration times (maximal 
1,500 timesteps). 

A simulation time of 2475 was sufficient for the MS diffusion coefficients 
to become constant. At this simulation time the values of the MS diffusion 
coefficients were independent of the integration time t for t > 1.0. The re- 
sults of the simulations with a simulation time of 2475 and an integration 
time of 1.0 are given in Table IV and Figure 5. 

The values of the MS diffusion coefficients increase with an increasing 
mole fraction XI. An increase of approximately 15% from x1 = 0 to x1 = 0.9 
might be explained by the decrease of the pressure values of the simulated 
systems from 1.7 to 0.47 [ll]. The MS diffusion coefficient between argon 
and neon (031) is higher than the MS diffusion coefficient between krypton 
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TABLE IV Ternary diffusion coefficients as a function of the mole fraction for a ternary LJ 
mixture Ar(1) + Kr(2) + Ne(3) of 300 particles: T = 0.8, p = 0.7901, simulation time = 2475, 
integration time = 1 .O 

7.2 x 3  P 0 2 3  

0.003 
0.01 
0.05 
0.20 
0.40 
0.60 
0.80 
0.85 
0.89 
0.90 

0.897 
0.89 
0.85 
0.70 
0.50 
0.30 
0.10 
0.05 
0.01 
0.00 

0.10 1.72 
0.10 1.69 
0.10 1.58 
0.10 1.14 
0.10 0.82 
0.10 0.60 
0.10 0.50 
0.10 0.48 
0.10 0.48 
0.10 0.47 

0.020 f 0.002 0.069 f 0.002 
0.016 f 0.003 0.066 f 0.004 

0.0182 f 0.0003 0.068 f 0.003 
0.0235 f 0.0005 0.087 f 0.006 
0.030 f 0.001 0.103 f 0.007 
0.039 f 0.001 0.110 f 0.008 

0.0481 f 0.0009 0.120 f 0.007 
0.0514f0.0008 0.125f0.002 
0.050f0.001 0.128f0.003 

0.131 f0.003 

0.0401 f 0.0009 
0.041 f 0.002 
0.040 f 0.002 

0.0446 f 0.0007 
0.055 f 0.002 
0.060 f 0.002 

0.0645 f 0.0007 
0.066 f 0.002 
0.064 f 0.004 

0.14 

0.12 j 

0.02 

O ' O I  A 

0 

0 

A 

0 

00 
0 

0 

0 

A 'A A 

0 

0 

0.0 0.2 0.4 0.6 0.8 1 .o 

FIGURE 5 Maxwell-Stefan diffusion coefficients of the ternary system Ar( 1) + Kr(2) + Ne(3) 
as a function of the mole fraction Ar (300LJ particles, T = 0.8, p = 0.7901, integration time = 
1.0, ~3 = 0.1): 0, D 1 2 ;  0, D 3 , ;  A, 0 2 3 .  

and neon (&), which is in his turn higher than the MS diffusion coefficient 
between argon and krypton (Ol2). This is in accordance with our expec- 
tations, since the MS diffusion coefficients are inversely proportional to the 
frictional coefficients between the particles [7], and these frictional coeffi- 
cients will increase with increasing masses of the components. 
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4. CONCLUSION 

Maxwell-Stefan diffusion coefficients in unary, binary and ternary systems 
of LJ particles can be determined by the Green-Kubo method. For all 
systems the MS diffusion coefficients became constant for integration times 
> 1.0. The simulation times required were dependent on the number of 
different components in the systems, and increased from 1250 for a unary 
system, and 1750 for a binary system to 2475 for a ternary system. The 
Maxwell-Stefan diffusion coefficients calculated by Eq. (6)  agreed well with 
the literature values available, or were in accordance with the behaviour as 
expected from other physical properties. 
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